Abstract. A fixed point theorem involving Boyd-Wong type cyclic contractions in partial metric spaces is proved. We also provide examples to support concepts and results presented herein.
Introduction and Preliminaries
Partial metric spaces were introduced by Matthews [22] to the study of denotational semantics of data networks. In particular, he proved a partial metric version of the Banach contraction principle [11] . Subsequently, many fixed points results on partial metric spaces were appeared, (see e.g. [2, 3, 4, 5, 6, 7, 8, 9, 15, 16, 17, 18, 22, 23, 24, 26, 29, 31] for more details).
Throughout this paper, the letters R and N * will denote the set of all real numbers and positive integers, respectively. We recall some basic definitions and fixed point results of partial metric spaces.
Definition 1.
A partial metric on a non-empty set X is a function p : X × X → [0, ∞) such that for all x, y, z ∈ X: (p1) x = y ⇐⇒ p(x, x) = p(x, y) = p(y, y), (p2) p(x, x) ≤ p(x, y), (p3) p(x, y) = p(y, x), (p4) p(x, y) ≤ p(x, z) + p(z, y) − p(z, z). A partial metric space is a pair (X, p) such that X is a non-empty set and p is a partial metric on X.
If p is a partial metric on X, then the function d p : X × X → [0, ∞) given by d p (x, y) = 2p(x, y) − p(x, x) − p(y, y), (1.1)
Then, (X, p) is a complete partial metric space.
Each partial metric p on X generates a T 0 topology τ p on X which has as a base the family of open p-balls {B p (x, ε), x ∈ X, ε > 0}, where B p (x, ε) = {y ∈ X : p(x, y) < p(x, x) + ε} for all x ∈ X and ε > 0.
Definition 5. Let (X, p) be a partial metric space and {x n } be a sequence in X. Then (i) {x n } converges to a point x ∈ X if and only if p(x, x) = lim
(ii) {x n } is called a Cauchy sequence if lim n,m→+∞ p(x n , x m ) exists and is finite.
Definition 6. A partial metric space (X, p) is said to be complete if every Cauchy sequence {x n } in X converges, with respect to τ p , to a point x ∈ X, such that p(x, x) = lim n,m→+∞ p(x n , x m ).
Lemma 7.
(See e.g. [2, 15, 16] ) Let (X, p) be a partial metric space. Then (a) {x n } is a Cauchy sequence in (X, p) if and only if it is a Cauchy sequence in the metric space (X, d p ), (b) (X, p) is complete if and only if the metric space Let Φ be the set of functions φ : [0, ∞) → [0, ∞) such that (i) φ is upper semi-continuous, (that is, for any sequence {t n } in [0, ∞) such that t n → t as n → ∞, we have lim sup
Recently, Romaguera [27] obtained the following fixed point theorem of BoydWong type [12] .
Theorem 11. Let (X, p) be a complete partial metric space and let T : X → X be a map such that for all x, y ∈ X p(T x, T y) ≤ φ(M (x, y)), where φ ∈ Φ and
Then T has a unique fixed point.
In 2003, Kirk, Srinivasan and Veeramani [20] introduced the following definition.
Definition 12.
[20] Let X be a nonempty set, m a positive integer and T : X → X be a mapping.
A i is said to be a cyclic representation of X with respect to T if
Recently, fixed point theorems involving a cyclic representation of X with respect to a self mapping T have appeared in many papers (see e.g. [1] , [14] , [25] , [28] , [30] ).
Very recently, Abbas et al. [1] extends theorem 11 to a class of cyclic mappings and proved the following result, but with φ ∈ Φ to be a continuous map.
Theorem 13. Let (X, p) be a complete partial metric space. Let m be a positive integer,
A i is a cyclic representation of Y with respect to T , and (2) there exists φ : [0, ∞) → [0, ∞) such that φ is continuous and φ(t) < t for each t > 0, satisfying
In the following example, φ ∈ Φ, but it is not continuous.
Then φ is upper semi-continuous on [0, ∞) with φ(t) < t for all t > 0. However it is not continuous at t = n for all n ∈ N.
Following Example 14, the main aim of this paper is to present the analog of Theorem 13 for a weaker hypotheses on φ, that is, with φ ∈ Φ. Our proof is simpler than in [1] . Also, some examples are given.
Main Results
Our main result is the following.
Theorem 15. Let (X, p) be a complete partial metric space. Let m be a positive integer,
A i is a cyclic representation of Y with respect to T , and (2) there exists φ ∈ Φ such that
Consider the Picard iteration {x n } given by T x n = x n+1 for n = 0, 1, 2, · · · . If there exists n 0 such that x n0+1 = x n0 , then x n0+1 = T x n0 = x n0 and the existence of the fixed point is proved.
Assume that x n = x n+1 , for each n ≥ 0. Having in mind that Y = ∪ m i=1 A i , so for each n ≥ 0, there exists i n ∈ {1, 2, · · · , m} such that x n ∈ A in and x n+1 = T x n ∈ T (A in ) ⊆ A in+1 . Then, by (2.1)
where
Therefore,
which is a contradiction. It follows that
Thus, from (2.2), we get that
Hence, {p(x n , x n+1 )} is a decreasing sequence of positive real numbers. Consequently, there exists γ ≥ 0 such that lim n→∞ p(x n , x n+1 ) = γ. Assume that γ > 0. Letting n → ∞ in above inequality, we get using the upper semi-continuity of φ
which is a contradiction, so that γ = 0, that is,
(2.5)
In the sequel, we will prove that {x n } is a Cauchy sequence in the partial metric
. By Lemma 7, it suffices to prove that {x n } is Cauchy sequence in the metric space (Y, d p ). We argue by contradiction. Assume that {x n } is not a Cauchy sequence in (Y, d p ) . Then, there exists ε > 0 for which we can find subsequences {x m(k) } and {x n(k) } of {x n } with n(k) > m(k) ≥ k such that
Further, corresponding to m(k), we can choose n(k) in such a way that it is the smallest integer with n(k) > m(k) and satisfying (2.8). Then
Using (2.9) and the triangular inequality
Letting k → ∞ in (2.10) and using (2.6), we find
On the other hand
Letting k −→ +∞ in the two above inequalities and using (2.6), (2.11)
Similarly, we have
Also, by (1.1), (2.7) and (2.11)-(2.13), we may find 14) and lim
On the other hand, for all k, there exists
) and x n(k) lie in different adjacently labeled sets A i and A i+1 for certain i = 1, · · · , p. Using the contractive condition (2.1), we get
As (2.14) and (2.15), using (2.5), we may get
and
By (2.17) and (2.18), we get that
Letting n → ∞ in (2.16), we get using (2.17), (2.19 ) and the upper semi-continuity
which is a contradiction.
This shows that {x n } is a Cauchy sequence in the complete subspace Y = ∪ 
, sot it is a complete subspace of (Y, d p ) and then (A, p) is a complete partial metric space. Consider the restriction of T on A, that is, T A : A → A. Then, T A satisfies the assumptions of Theorem 11, and thus T A has a unique fixed point in Z.
Examples
We give some examples illustrating our results. 
Clearly, T satisfies the condition (2.1). Indeed:
which is necessarily true. However, since φ is not a continuous function, so we couldn't apply Theorem 13. Then all assumptions of Theorem 15 are satisfied. The function T has 0 as a unique fixed point. Similarly, Theorem 13 is not applicable.
